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Let F be an approximating function with parameters taken from a param- 
eter space P such that F(A, .) E C[a, b] for all A E P. Let Jdenote integration 
on [a, b], and for g ~.(?[a, b] define 
II g II = j I g I. 
The approximation problem is: given f E C[u, b] to find a parameter A* E P 
for which IIf-- F(A*, *)\I is minimal. Any such parameter A* is called best. 
The case where F is an (ordinary) rational approximating function is 
covered in [l]; this paper is an extension of the latter. 
1. PRELIMINARIES 
A fundamental role in mean approximation is played by the set 
Z(A) = {x : f(x) = F(A, x), a < x 6 b). 
Let -Z(A) denote [a, b] - Z(A). We will make use of the characterization 
lemma for linear mean approximation, a proof of which appears in [3, p.1031. 
LEMMA 1. A necessary and s@cient condition that 
llf- F(A, -)I1 G IV- FM I- Ah I 
for all X is that 
(1) 
If strict inequality occurs in (2), then strict inequality occurs in (I) for all 
nonzero h. 
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2. ZERO A BEST APPROXIMATION 
In general, because of the nonconvexity of (F(A, *) : A E P>, there is no 
simple test for an approximation being best. In the special case where 
{F(A, 0) : A E P> is closed under scalar multiplication and the approximation 
is zero, the above lemma completely answers this question, namely 0 is best 
tof if and only if for all A E P, 
w s - Z(O) I F(A, *)I -=c s,,, IW, .)I 
and 0 is a unique best approximation if the inequality is strict for all A not 
corresponding to zero. 
EXAMPLE. Let {F(A, *): A E P> be closed under scalar multiplication 
and ) F(A, *)I be convex for all A E P. Select f such that Z(0) contains 
ba, a + (b - a)/33 u [a + 2(b - 43, bl. 
By convexity of 1 F(A, *)I we have 
s -Z(O) I F(A, .) I -=I JZcor I I;(4 .) I 
for all A not corresponding to zero, hence 0 is a unique best approximation. 
Approximating functions of the form F(A, x) = a,#z,x), $ convex, 
4 >, 0 satisfy the hypotheses of the example. A special case is where 
F(A, x) = a, exp(a,x). We can replace convexity of 1 F(A, *)I in the example 
by monotonicity of I F(A, *)I. 
3. DEGENERACY 
DEFINITION. The sum space of F(A, .) is the set of functions h such that 
F(A, *) + hh E (F(B, -): B E P> for all I X 1 sufficiently small. 
Consider the case in which approximants are of the form 
PA, 4 = 2 wbdx) + f %+k3Lk(~n+m+k4 OIk < an+m+k < fik, (3) 
k=I k=l 
where & is a nonconstant function. We say that an approximant is degenerate 
in & if it can be written in the form (3) with anik = 0. Its sum space then 
includes (#&x): ‘-% < y < /&I. 
MEAN NONLINEAR APPROXIMATION 309 
4. ACCUMULATION POINTS OF Z(A) 
THEOREM I. Let c be a point such that for any interval I containing c, an 
element h of the sum space of F(A, *) exists such that h(x) > 0 for x E Z and 
s, J 
h> I h I W = [a, b] - Z (4) 
W 
Let f have F(A, .) as best approximation. Then c is an accumulation point of 
Z(A). 
Proof. Suppose c is not an accumulation point of Z(A). Then there exists 
a nondegenerate interval I with c as one endpoint such that f - F(A, *) does 
not vanish in the interior of I. Assume without loss of generality that 
I = [c, ~1 and f - F(A, .) is positive on (c, p). Select h in the sum space of 
F(A, a) satisfying (4). We have 
11 h * s&f - F(A, e)) / 2 sU h - /w I h I * I s&f - F(A, *)>I G 
1 s h * %n(f - F(A, .)) 1 - /z(A) I h I 3 Icu h - lw I h I > 0. 
It follows by Lemma 1 that F(A, *) is not best, proving Theorem 1. 
COROLLARY. Let there exist for given 7, i.~, a < v < t.~ < b, an element 
h 3 0 of the sum space of F(A, .) such that 
p-s h, W = [a, bl - h, ~1. W 
F(A, .) is a best approximation only to itse2f. 
In the case F(A, 4) is a polynomial rational function of degeneracy 2, such an 
element h exists [l, Theorem I]. 
5. POSITIVE MEASURE 
THEOREM 2. Let the orthogonal complement ofthe sum space of F(A, .) 
in the space of bounded measurable functions be the functions vanishing almost 
everywhere. Then F(A, a) is best to f oniy if Z(A) has positive measure. 
Proof Suppose F(A, a) is best to f and Z(A) is a set of measure zero. By 
Lemma 1, for all h in the sum space of F(A, .), 
1 [ h sgn(f - F(A, e)) 1 ,< 1, ) I h I = 0. 
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This is true for all h in the sum space of F((A, .) and so sgncf - F(A, .)) is in 
the orthogonal complement of the sum space. As sgn(f - F(A, *)) is bounded 
and measurable, it follows that sgn(f - F((A, *)) = 0 almost everywhere, 
hencef = F(A, a). We have a contradiction and the theorem is proven. 
In [2] are given conditions for sum spaces containing (+(a~): --t.~ < 01 < EL) 
to have functions vanishing almost everywhere as the orthogonal complement. 
6. APPROXIMATION ON A FINITE SUBSET 
We briefly consider approximation on a finite subset {x1 ,..., xn}, 
Xl < *** < X,) with norm 
Wl ,'*', wk being positive weights. Define 
Z(A) = {x :f(x) = F(A, x), x = x1 ,..., xn}. 
The analog of Lemma I for equal weights is given by Rice [3, p. 1141. 
By using arguments similar to those of Section 2 we obtain the following. 
EXAMPLE. Let {&I, e): A E P} be closed under scalar multiplication and 
j F(A, .)I be strictly monotonic or identically zero for all A E P. Let all weights 
be equal and n > 3. Select f such that Z(0) contains all but one point of 
{Xl 7-e.) x,} and that point is not x1 or xn . 0 is a unique best approximation 
to5 
The analog of Theorem 1 is the following. 
THEOREM 3. Suppose for an index j of l,..., n there is an element h of the 
sum space of F(A, *) such that h(xJ > 0 and 
hW wj > : 1 h(xdl wk 
k'l 
k#i 
Zf F(A, .) is best to f then xi E Z(A). 
COROLLARY. Zf the above theorem holds for all indices, F(A, *) best to f 
impIies f I F(A, A). 
The analog of Theorem 2 is the following. 
THEOREM 4. Let the orthogonal complement of the sum space of F(A, -) 
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in the space of functions on {x1 ,..., x,} be zero. Then F(A, a) is best to f only 
tf Z(A) is nonempty. 
7. EXPONENTIAL APPROXIMATION 
Let V,, be the family of functions of the form 
W, 4 = i ak: exp(a,+kx), 
k=l 
a,+, Y= anfi if i =F /. 
If m of the coefficients a, ,..., a,, vanish, then F(A, *) is said to have 
degeneracy m. F(A, -) is degenerate if it has positive degeneracy. The sum 
space of a degenerate element contains (exp(ax): a: real}. 
The zero function is the only degenerate element of V, and has degeneracy 1 
with respect to that family. By the discussion of Section 2, there exist non- 
zero continuous f such that 0 is a unique best approximation in V, . An open 
question is whether for n > 2 there exists f 4 V, with a best approximation 
of degeneracy 2 or more. 
Let p E (a, b) be given and let 
h,(x) = exp(kp) * exp(--kx) = exp(k(f-c - x)), 
then 
MX) -+ 03, x <II, 
h,(x) - 0, x > t-6 
hence jz hk > p - a and $i hl, - 0. Thus the hypotheses of Theorem 1 are 
satisfied for k sufficiently large. A similar hypothesis is satisfied for the 
endpoint b, so we have the following. 
THEOREM 5. Let F(A, *) be a degenerate element of V, . Then a and b are 
accumulation points of Z(A). 
It is shown in [2] that the orthogonal complement of {exp(ax): -p < 01 < p} 
is zero, hence by Theorem 2, we have the following. 
THEOREM 6. Let F(A, -) be a degenerate element of V, , then Z(A) is of 
positive measure. 
An immediate consequence of Theorem 5 or 6 is the following. 
COROLLARY. If F(A, -) is a degenerate element of V, , the only analytic 
function which has F(A, -) as best approximation on [a, b] is F(A, .) itself. 
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Let us now consider approximation on finite subsets. From Theorem 3 
we obtain the following. 
THEOREM 7. Let F(A, -) be a degenerate best approximation to f by V, 
on {XI ,..., x,), then x1 and x, are in Z(A). 
As before, the question of whether there exists f $ V, with a best approxi- 
mation of degeneracy 2 or more is open. 
8. Rational Approximation on a Finite Point Set 
Let us first consider approximation by Rmn[a, b] on {x1 ,..., xN} C [a, b]. 
As all nonzero elements of R,O[a, b] are strictly monotonic and of one sign, 
it follows from a result in section 6 that for N > 3, there is f # 0 with 0 
as unique best approximation in R,O[a, b]. Hence there exist degenerate 
best approximations. Let r be an element of R,“[a, b] of degeneracy 1. Then 
there exists h satisfying the hypothesis of Theorem 3 with index 1 if x1 = a 
and for index N if xN = b, hence we have the following. 
THEOREM 8. Let r be an element of R,“[a, b] of degeneracy 1. Let r be 
best to f in Rmn[a, b] on {a, xz ,..., xNeI , b}, then Z(r) contains a and b. 
If r is an element of Rmn[a, b] of degeneracy 2, then there exists h satisfying 
the hypothesis of Theorem 3 for all indices. Hence by the corollary, we have 
the following. 
THEOREM 9. Let r be an element of Rmn[a, b] of degeneracy 2 or more and 
r be best in R,%[a, b] to f  on (x1 ,..., xN}, then f  = r. 
Let us next consider approximation by ratios of polynomials of degree n 
to polynomials of degree m on {x1 ,..., xN}. If r is a degenerate ratio, then h 
exists satisfying the hypothesis of Theorem 3 for all indices; hence r best to 
f  impliesf = r. 
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